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Abstract
The main result of this work states that if f : Rm+ → Rm+ is increasing and continuous and the set S = {x ≥ 0 : f (x) ≤ x} is
bounded and contains some x ′ > 0 then there is a non-zero fixed point of f , i.e. f (x) = x = 0. If f : Rm → Rm is increasing
and continuous and the set {x : f (x) ≤ x} is bounded and contains x ′′ and x ′, x ′′ < x ′ there are multiple fixed points.
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In this work we study the existence of fixed points of continuous increasing functions defined on finite dimensional
spaces. A function f : A → Rm , where A ⊂ Rm , is increasing or monotone if for x ′ and x in A,
x ′ ≥ x ⇒ f (x ′) ≥ f (x). (1)
The ordering is the usual componentwise ordering. The main result of this work states that if f : Rm+ → Rm+ is
increasing and continuous and the set S = {x ≥ 0 : f (x) ≤ x} is bounded and contains some x ′ > 0 then there is a
non-zero fixed point x of f , x = f (x) = 0.
The theorem was applied to economic models in [1].
Furthermore, if there are x ′′ and x ′, both in S such that x ′′ < x ′, then there are at least two fixed points of f .
1. Some lemmata of degree theory
In order to prove our theorem, we shall use some results from degree theory, stated below without proofs. For a
definition of degree and proofs see e.g. [2].
Let D ⊂ Rm be a bounded open set, and let p be a point in Rm . Let f : D → Rm be a continuous function. If
p ∈ f (∂ D), where ∂ D is the boundary of D, we can define the degree, d( f, D, p), of f at p relative to D. The degree
is an integer-valued function with the following properties:
Lemma 1. If d( f, D, p) is defined and non-zero, there is an x ∈ D such that f (x) = p.
Lemma 2. Let I be the identity mapping. If p ∈ D, then d(I, D, p) = 1; if p ∈ D, then d(I, D, p) = 0.
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Lemma 3. Let B be an open set such that B ⊂ D. Assume that d( f, D, p) is defined and that p ∈ f (∂ B). Then
d( f, D ∼ B, p) = d( f, D, p) − d( f, B, p), where D ∼ B is the complement of B relative to D.
Lemma 4. Let H (t, x) ≡ ht (x), 0 ≤ t ≤ 1, be a homotopy, i.e. H (t, x) is continuous, and let p ∈ ht (∂ D) for 0 ≤ t
≤ 1. Then d(ht , D, p) is independent of t.
2. Existence of fixed points
Theorem 5. Assume that f : Rm+ → Rm+ is continuous and satisfies x ′ ≥ x ⇒ f (x ′) ≥ f (x). Let S = {x ≥ 0 :
f (x) ≤ x}. If S is bounded, and if there is an x ′ > 0, x ′ ∈ S, then there is x ≥ 0, x = 0, such that x = f (x).
Proof. Extend the domain of f to Rm by setting f (x) ≡ f (z) where zi ≡ |xi | and x ∈ Rm . S is unaffected and f
is continuous on Rm . Since S is bounded, there is a number K such that S ⊂ BK = {x : ‖x‖ < K }. Boundedness
of S also implies that there is an x¯ > 0 with elements large enough such that x ≥ f (x) + x¯ for all x ∈ Rm . Let
St = {x : x ≥ f (x) + t x¯}. Then, St ⊂ S for t ∈ [0, 1]. Thus,
‖x‖ = K ⇒ x ∈ St for t ∈ [0, 1]. (2)
Consider the homotopy Ht = I − f − t x¯ . (2) implies that x ∈ ∂ BK ⇒ Ht(x) = 0 for all t ∈ [0, 1] which yields that
the degree of Ht relative to BK at 0 is defined. Lemma 4 implies that d(I − f, BK , 0) = d(I − f − t x¯, BK , 0) and
since St = ∅ for t = 1, there is no x ∈ B K for which x − f (x) − x¯ = 0. Hence, from Lemma 1 we have
d(I − f, BK , 0) = 0. (3)
By assumption there is an x ′ > 0, x ′ ∈ S. Consider the homotopy ht = I − t f and the open set D = {x : |xi | <
x ′i , i = 1, . . . , m}.
As f (x) ≥ 0 always, for x ∈ ∂ D and x ≥ 0 we have x = t f (x) for t ∈ [0, 1].
For x ∈ ∂ D, x ≥ 0 assume that x = f (x), since, when equality is assumed, there is nothing more to prove. Now,
x ∈ ∂ D implies that xi = x ′i for some i and for this i we have that xi ≥ fi (x). To see this, assume that xi < fi (x)
which implies that x ′i = xi < fi (x) ≤ fi (x ′) due to monotonicity of f , since x ≤ x ′. This contradicts that x ′ ∈ S;
hence, there is an i for which xi > t fi (x) for t ∈ [0, 1).
In total we now have that x ∈ ∂ D ⇒ x − t f (x) = 0, t ∈ [0, 1]. The degree of ht relative to D at 0 is defined and
since 0 ∈ D, Lemma 4 yields
d(I − f, D, 0) = d(I, D, 0) = 1. (4)
Lemma 3 and (3) and (4) together imply that
d(I − f, BK ∼ D, 0) = d(I − f, BK , 0) − d(I − f, D, 0) = −1;
hence, there is an x = f (x) in BK ∼ D. Since f (x) ≥ 0 and 0 ∈ D, the result follows. 
The following proposition deals with functions which map the whole of Rm into itself. The result is a consequence
of Tarski’s fixed point theorem (see e.g. [3]) and it is easy to prove directly as in [4].
Proposition 6. Assume that f : Rm → Rm is continuous and satisfies x ′ ≥ x ⇒ f (x ′) ≥ f (x). Let S = {x : f (x) ≤
x} be non-empty and bounded from below. Then, for each x ′′ ∈ S, there is a x¯ ≤ x ′′ such that x¯ = f (x¯).
We can now combine the results of these propositions to obtain conditions for the existence of more than one fixed
point.
Proposition 7. Assume that f : Rm → Rm is continuous and satisfies x ′ ≥ x ⇒ f (x ′) ≥ f (x). Assume that
S = {x : f (x) ≤ x} is bounded and contains two points x ′ and x ′′ such that x ′′ < x ′. Then, there are two fixed points,
x¯ and x˜ , of f for which x¯ ≤ x˜ (x¯ = x˜).
Proof. The fixed point x¯ is given by a direct application of Proposition 6. Next, set z = x − x¯ which yields
z′ = x ′ − x > 0. Define g(z) = f (x) − x¯ . Due to the monotonicity of f , g(z) maps Rm+ into itself and by assumption
the set S = {z ≥ 0 : g(z) ≤ z} contains z′ > 0. Theorem 5 can now be applied and we thus have a fixed point
z˜ = g(z˜) ≥ 0, z˜ = 0, i.e. x˜ − x¯ = f (x˜) − x¯ ≥ 0, x˜ = x¯ . 
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